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' Abstract. By Auslander's algebraic McKay correspondence, the stable category of 

Cohen-Macaulay modules over a simple singularity is equivalent to the 1-cluster category 
of the path algebra of a Dynkin quiver (i.e. the orbit category of the derived category 
by the action of the Auslander-Reiten translation). In this paper we give a systematic 
method to construct a similar type of triangle equivalence between the stable category of 
Cohen-Macaulay modules over a Gorenstein isolated singularity R and the generalized 
(higher) cluster category of a finite dimensional algebra A. The key role is played by a 
bimodule Calabi-Yau algebra, which is the higher Auslander algebra of R as well as the 
higher preprojective algebra of an extension of A. As a byproduct, we give a triangle 
equivalence between the stable category of graded Cohen-Macaulay i?-modules and the 
derived category of A. Our main results apply in particular to a class of cyclic quotient 
Ph singularities and to certain toric affine threefolds associated with dimer models. 
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Introduction 

There has recently been a lot of interest centered around Horn-finite triangulated Calabi- 
Yau categories over a field k, especially in dimension two. The work on 2-Calabi-Yau cat- 
egories was originally motivated by trying to categorify the ingredients in the definition of 
the cluster algebras introduced by Fomin and Zelevinsky |FZ02] . It started in | BMR+06 
through the cluster categories together with a special class of objects called cluster tilting 
objects, and in |GLS06t IBIRS09t IGLS07t IIO09] through the investigation of preprojective 
algebras and their higher analogs. 

The generalized n-cluster categories associated with finite dimensional algebras of global 
dimension at most n were introduced in |Ami09t IGuolOj . In these categories, special 
objects called n-cluster tilting play an important role. The cluster categories are a special 
case of the generalized 2-cluster categories, and the 2-cluster tilting objects are then 
the cluster tilting objects. The generalized n-cluster categories can be considered to be 
the canonical ones among n-Calabi-Yau triangulated categories having n-cluster tilting 
objects. 

On the other hand, a well-known example of Calabi-Yau triangulated categories was 
given in old work by Auslander |Aus78j . where the stable category of (maximal) Cohen- 
Macaulay modules over commutative isolated d- dimensional local Gorenstein singularities 
are shown to be (d— 1)-Calabi-Yau. Recently they are studied from the viewpoint of higher 
analog of Auslander-Reiten theory, and the existence of (d — l)-cluster tilting objects is 
shown for quotient singularities in | Iya07a| and for some three dimensional hypersurface 
singularities in |BIKR08] . They are further investigated in jTYTM IKR081 IKMVTT] . 

It is of interest to understand the relationship between these two classes of Calabi-Yau 
triangulated categories, i.e. the stable categories of Cohen- Macaulay modules and the 
generalized n-cluster categories. A well-known example is given by Kleininan singularities. 
They are given as hypersurfaces R = k[x,y, z]/(f) as well as invariant subrings R = S G 
of G, where S = k[X,Y] is a polynomial algebra over an algebraically closed field k of 
characteristic zero and G is a finite subgroup of SL 2 (A;). The correspondence between / 
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and G is given as follows. 



type 


A n 


Da 


Eq 


E 7 


E$ 
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x n+l _|_ y Z 


x n ~ L + xy 2 + z 2 


x 4 + y A + z 2 


x A y + y A + z 2 


x b + y :i + z 2 


G 


cyclic 


binary 
dihedral 


binary 
tetrahedral 


binary 
octahedral 


binary 
icosahedral 



In this case the stable category CM (R) is equivalent to the mesh category M(Q) of 
the Auslander-Reiten quiver of CM (R), which is the double Q of a Dynkin quiver Q 
|Rei87t [RV89] . On the other hand, M(Q) is equivalent to the 1-cluster category Ci(kQ) 
of Q, i.e. the orbit category V h (kQ)/r of the derived category V h {kQ) by the action of 
t. Hence we can deduce an equivalence 



(0.0.1) 



CM (R) ~ d(kQ). 



One of the aims of this paper is to prove this type of equivalence for a more general class 
of quotient singularities. Some crucial observations in the above setting are the following: 

• |Her78} IAus86] R is representation-finite in the sense that there are only finitely 
many indecomposable Cohen- Macaulay modules. More precisely CM (R) = addS* 
holds. 

• |Aus86] The Auslander algebra End r(S) is isomorphic to the skew group algebra 
S * G. In particular, the AR quiver of CM (R) (where R is the completion of 
the algebra R) is isomorphic to the McKay quiver of G, which is the double of an 
extended Dynkin quiver Q. (Note that in this case one has an equivalence between 
the stable categories CM_(R) ~ CM(R)) 

• |Rei87| IRV89| IBSW10] S * G is Morita-equivalent to the preprojective algebra II 
of Q. Hence kQ is the degree zero part of a certain grading of n. 

In particular the equivalence (10.0. ip is a direct consequence of the above observations. 
Also we have the following bridge between R and kQ, where e is the idempotent of 
Endft(S') ~ S * G corresponding to the summand R of S: 



Auslander algebra Morita 
ti < > O * Cr ~ 11 

e(-)e 



degree part 



preprojective algebra 



kQ 



'/(e) 



kQ 



We will deal with the more general class of quotient singularities S G , where S — k[xi, . . . , Xj] 
and G is a finite cyclic subgroup of the special linear subgroup SL^(fc) with additional 
conditions, where no g ^ 1 has eigenvalue 1. We will construct in Theorem 15. II a triangle 
equivalence 



(0.0.2) 



CM_(S G ) ~ C d ~i{A) 



for the generalized (d— l)-cluster category Cd-i{A) of some algebra A of global dimension 
at most d— 1, which we describe. This is shown as a special case of our main Theorem 14.11 
There we start from a bimodule <i-Calabi-Yau graded algebra B of Gorenstein parameter 
1 (e.g. B is the skew group algebra S * G when we deal with quotient singularities with 
additional conditions). For an idempotent e satisfying certain axioms, we have a similar 
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picture as above: 



(d— 1)-Auslander algebra 



degree part 



B /{e) 



eBe 



B 



B 



'0 



e(-)e 



d-preprojective algebra 




In addition to the quotient singularities already mentioned, this also applies to some 
examples coming from dimer models. 

The main step of the proof consists of constructing a triangle equivalence 



where CM (eBe) is the category of graded Cohen-Macaulay eBe- modules. This inter- 
mediate result in the case where B = S * G recovers a result due to Kajiura-Saito- 
Takahashi [KST07] and Lenzing-de la Pena |LPllj for d = 2 and due to Ueda [Ued08j for 
any d and G cyclic. Moreover the equivalence (10.0.21) was already shown in |KR08j for the 
case d = 3 and G = diag(co>, u, ui) where u is a primitive third root of unity. It would be 
interesting to generalize our result to non-cyclic quotient singularities. This could then 
be regarded as an analog of a triangle equivalence CM Z (S°) ~ V h (A) for some finite 
dimensional algebra A given in [IT10J . 

Results of a similar flavor have been shown in previous papers. In |Ami09t IART11} 
IAIRT 12], it was shown that the 2-Calabi-Yau categories C w associated with elements w 
in Coxeter groups in [BIRS09j are triangle equivalent to generalized 2-cluster categories 
02(A) for some algebras A of global dimension at most two. In [IO09], it was shown that 
the stable categories of modules over c/-preprojective algebras of (d — 1) -represent at ion- 
finite algebras are triangle equivalent to generalized (i-cluster categories of stable (d— 1)- 
Auslander algebras. We were able to use some of the ideas in these papers for d > 2. 

We refer to |TV10] for similar independent results based on the language of quivers 
with potential. We thank Michel Van den Bergh for informing us about his work with 
Thanhoffer de Volcsey. 

Some results in this paper were presented at a workshop in Oberwolfach (May 2010) 
|lyalO| , Tokyo (August 2010), Banff (September 2010), Bielefeld (May 2011), Paris (June 
2011), Shanghai (September 2011), Trondheim (March 2012), Banff (May 2012) and Gua- 
najuato (May 2012). 

In section 1 we give some background material on n-cluster tilting subcategories in 
n-Calabi-Yau categories and on generalized n-cluster categories. Let B be a bimodule 
c?-Calabi-Yau algebra (see Definition 12. ip with an idempotent e, and let C = eBe. In 
section 2, under certain conditions on B and e, we show that C is an Iwanaga-Gorenstein 
algebra (see Definition II. ip . and that Be is a (d— l)-cluster tilting object in the category 
CM (C) of Cohen-Macaulay C-modules. In section 3, which is independent of section 2, 
we assume that B = © £>0 Be is graded, and give sufficient conditions for B to be the 
c?-preprojective algebra of A = B . In particular A is a (d — l)-representation-infinite al- 
gebra in the sense of |HIU12j and a quasi extremely- Fano algebra in the sense of |MM10j . 
In section 4, we use results from sections 2 and 3 to prove our main result, which gives 



CM z (eBe) ~ V b (B /(e)) 
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sufficient conditions for the stable category CM (C) to be triangle equivalent to a gener- 
alized (d — l)-cluster category. The application to C being an invariant ring is given in 
section 5. In Section 6 we apply our main result to Jacobian algebras constructed from 
dimer models on the torus. 

Notation. Let k be a field. We denote by D = Horrifc(— , k) the fc-dual. All modules are 
right modules. 

For a fc-algebra A, we denote by Mod A the category of A-modules, by mod A the 
category of finitely generated A-modules and by fdA the category of finite dimensional 
A-modules. We let ® := ®& and A e := A op ® A. For a Z-graded fc-algebra B, we denote by 
GrB the category of all Z-graded -B-modules, by grB the category of finitely generated Z- 
graded .B-modules and by grproj B the category of finitely generated Z-graded projective 
-B-modules. We often regard B e in a natural way as a Z-graded algebra, and consider the 
category GrB c of Z-graded 5 e -modules. 

For an abelian category A, we denote by C(A) the category of chain complexes, by 
K.(A) the homotopy category and by T>(A) the derived category. We denote by C h (A) the 
category of bounded chain complexes, by K, h (A) the bounded homotopy category and by 
V h (A) the bounded derived category. 

For a fc-algebra A, we let T>(A) := D(Mod A). We denote by per A the thick subcategory 
of T>(A) generated by A. We denote by £> fd (A) the full subcategory of T>(A) consisting 
of objects X satisfying dinU;(i/*(X)) < oo. For a noetherian A;-algebra A, we denote by 
V h (A) the full subcategory of T>(A) consisting of objects X satisfying H*(X) e mod A. 

We denote by gf the composition of morphisms (or arrows) / : X — > Y and g : Y — > Z. 

1. Background material 

In this section we give some background material on cluster tilting subcategories and 
on generalized cluster categories. 

1.1. Cohen-Macaulay modules over Iwanaga-Gorenstein algebras. The following 
class of noetherian algebras was given by Iwanaga |Iwa79] . 

Definition 1.1. A noetherian algebra C is called Iwanaga-Gorenstein if inj.dim^C < oo 
and inj.dim^pC < oo. 

For example, commutative local Gorenstein algebras and finite dimensional selfinjec- 
tive algebras are clearly Iwanaga-Gorenstein. Iwanaga-Gorenstein algebras have a distin- 
guished class of modules defined as follows. 

Definition 1.2. Let C be an Iwanaga-Gorenstein algebra. The category CM (C) of (max- 
imal) Cohen-Macaulay C -modules is defined by 

CM (C) := {X e modC | Ext^(X, C) = for any i > 0}. 

The stable category CM (C) has the same objects as CM(C), and the morphisms spaces 
are given by 

HomcM (c) (X,F) := Hom c (X,Y)/[C\(X,Y) 

where [C]pT, Y) consists of morphisms factoring through the smallest full subcategory 
addC of modC stable under direct summands and containing C. 
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If C is a local commutative Gorenstein algebra, then CM (C) is exactly the category of 
maximal Cohen-Macaulay C-modules. If C is a finite dimensional selfinjective algebra, 
then CM (C) is just modC. 

Let us give basic properties of the category CM (C). 

Proposition 1.3. Let C be an Iwanag a- Gorenstein algebra. 

(a) CM (C) is a Frobenius category and CM (C) is a triangulated category |Hap88 
Thm 2.6]. 

Hom c (-,C) 

(b) We have dualities CM (C) < _ CM (C op ) which are mutually quasi-inverse 

Hompop (— ,C) 

and preserve the extension groups. 

(c) We ha ve a triangle equivalence CM (C) ~ £> b (C)/perC. [Buc871 Thm 4.4.1] . [KV871 
[Rlc89] 

When an Iwanaga- Gorenstein algebra C is a Z-graded algebra, the category CM Z (C) 
of graded Cohen-Macaulay C -modules is defined by 

CM Z {C) := {X G grC | Exf c (X, C) = for any i > 0}. 

Then the stable category CM Z (C) is defined similarly as above. 
We have the following parallel results. 

Proposition 1.4. Let C be a Z-graded Iwanaga- Gorenstein algebra. 

(a) CM Z (C) is a Frobenius category and CM Z (C) is a triangulated category. 

Hom c (-C) 

(b) We have dualities CM^(C) ^_ ? CM^(c7 op ) which are mutually quasi-inverse 

Hom c o P (— ,C) 

and preserve the extension groups. 

(c) We have a triangle equivalence CM Z (C) ~ P b (grC)/grperC. 

1.2. (i-Calabi-Yau categories and rf-cluster tilting objects. 

Definition 1.5. A fc-linear triangulated category T is said to be d-Calabi-Yau if it is 
Horn-finite and there is a functorial isomorphism 

Hom r (X, Y) ~ DHom r (F, X[d}) for all X, F G T. 

Definition 1.6. |BMR+06| ,| lya07a[ 2.2]. |KR071 2.1] A d-cluster tilting subcategory V in 
a triangulated category T is a functorially finite subcategory of T such that 

V = {X e T, Hom r (X, V[i]) = 0, V 1 < i < d - 1} 

= {X G T, Hom r (V, X[z]) = 0, V 1 < i < d - 1}. 

An object T G T is called d-cluster tilting if the subcategory add (T) C T is d-cluster 
tilting. 

Cluster tilting subcategories are interesting because they determine the triangulated 
category in the following sense: 

Proposition 1.7. Let T and T' be triangulated categories and V C T and V C T' 

be d-cluster tilting subcategories. If F : T ^ T' is a triangle functor such that its 

restriction F\y to V is an equivalence F\y : V >■ V , then F is an equivalence. 
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Proof. The proposition is clear for d — 1 since T = V and T' = V hold in this case. It is 
proved in |KR08t Lemma 4.5] for d > 2. Note that the proof in |KR08] does not use the 
fact that T and T' are <i-Calabi-Yau. □ 

1.3. Generalized cluster categories. Let n > 1 be an integer. 

Let A be a finite dimensional algebra of global dimension at most n. Denote by = 
O n (A) a projective resolution of 

RHom A (DA, A)[n] ~ RHom A c(A, A c )[n] ~ RHoitia°p (DA, A) [n] in V(A C ). 

Definition 1.8. [Kellll DD09J We denote by A the differential graded category (DG 
category for short) of bounded complexes of finitely generated projective A-modules. We 
define a DG functor by 

F := - <g> A O : A A. 
The DG orbit category A/F has the same objects as A, and 

Hom A/F (X,Y) := 

colim(0,> o Hom A (F e X, Y) -> £ > o Hom A (F l X, FY) -> £ > o Hoxn A (F & X, F 2 Y) -> ■ • • 

We denote by V(A/F) the derived category of A/F. The generalized n-cluster category 
C n (A) is defined as the smallest thick subcategory of V(A/F) containing all representable 
functors of A/F. 

L 

Let 8 = — ®a -DA be the Serre functor of the category D (A), and denote by S n the 
composition §„ := § o [—n]. Then we have an isomorphism S^ 1 ~ — ®a © of functors on 
T> h (A). From the construction of the generalized cluster category C n (A), we have a triangle 
functor 7r A : V h (A) -> C n (A) which induces a fully faithful functor £> b (A)/§ n ->■ C„(A) for 
the orbit category "D b (A)/S n . 

Remark 1.9. • For n = 2 and an algebra A of global dimension 1, one gets the usual 
cluster category D b (A)/§ 2 constructed in |B MR+06| . 

• For n — 2, and an algebra A of global dimension 2, the construction is given 
in [Ami09] in the case where C 2 (A) is Horn-finite. 

• The generalization of results of |Ami09j from 2 to n > 2 is described in |GuolOj . 

The functor n : V h (A) — > C n (A) is also described by a universal property (cf |Kel05l 
IAmi09j ). Here is the version we will use in this paper (see appendix |IO09j ). 

Proposition 1.10. |Kel05l lAmi09j . [TO09|. Thm A. 20] Let A be a finite dimensional alge- 
bra of global dimension at most n. Let C be an Iwanaga-Gorenstein algebra and T be in 
P b (A op ®C). If there exists a morphism T — > Q®\T in P b (A op (g)C) whose cone is perfect 
as an object in D h (C), then there exists a commutative diagram of triangle functors 

L 

V h (A) ~ 0aT > V\C) 



C n (A) -CM(C). 



cS 



CLAIRE AMIOT, OSAMU I YAM A, AND IDUN REITEN 



Generalized cluster categories also have a nice description using certain DG algebras 
called derived preprojective algebras. 

Definition 1.11. [Kelllt ITO09] Let A be a finite dimensional algebra of global dimension 
at most n. The derived (n + 1) -preprojective algebra of A is defined as the tensor DG 
algebra 

n n+1 (A) := T A (0 n (A)) = A © © (9 © A 6) © ... . 
The (n + 1)- preprojective algebra of A is defined as the tensor algebra 

n n+1 (A) := T A E<(L>A, A) ~ #°(n n+1 (A)). 

The next result is shown in [Ami09| Thm 4.10] for n — 2. The generalization to n > 2 
is done in |Guol0j . 

Theorem 1.12. |Ami09[ lGuolO] , |Iyall[ Thm 1.23] Let A be a finite dimensional algebra 
of global dimension at most n. Then the generalized n-cluster category C n (A) is Horn- finite 
if and only if the (n+ 1) -preprojective algebra IT n+1 (A) is finite dimensional. In this case, 
we have the following properties. 

(a) The category add{S>^A | i G Z} is an n-cluster tilting subcategory o/X )b (A). 

(b) The category C n (A) is n-Calabi-Yau, and the object 7r(A) is n-cluster tilting with 
endomorphism algebra Il„ + i(A). 

(c) We have a triangle equivalence C n (A) ~ pern n+ i(A)/P fd (II n+ i(A)). 

2. Calabi-Yau algebras as higher Auslander algebras 

Under certain conditions on a bimodule <i-Calabi-Yau algebra B and an idempotent 
e G B, we show in this section that C := eBe is an Iwanaga-Gorenstein algebra, and 
that Be is a (d — l)-cluster tilting object in the category CM (C) of Cohen- Macaulay 
C-modules. 

Definition 2.1. [Gin06t (3.2.5)] Fix an integer d > 2. We say that a /c-algebra B is 
bimodule d-Calabi-Yau if B G perB e and RHom b c (B, B c ) [d] ~ B in V(B C ). 

Note that if B is bimodule d-Calabi-Yau, then so is B op . 

Example 2.1. Let R = k[x\,--- ,Xd] be a polynomial algebra. If an i?-algebra B is a 
finitely generated free i?-module and satisfies Hom^(I?, R) ~ B as _B e -modules, then it is 
bimodule d-Calabi-Yau |Gin06l Thm 7. 2. 14], pill Thm 3.2]. 

Let B be a /c-algebra, and e an idempotent in B. Assume that B and e(^ 1) satisfy 
the following conditions. 

(Al) B is bimodule <i-Calabi-Yau. 

(A2) B is noetherian. 

(A3) B_ := B/(e) is a finite dimensional fc-algebra. 
The aim of this section is to prove the following results. 

Theorem 2.2. Let B be a k-algebra, e G B be an idempotent and C := eBe. Under 
assumptions (Al), (A2) and (A3), we have the following. 
(a) C is an Iwanaga-Gorenstein algebra. 
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(b) Be is a Cohen- Macaulay C-module. 

(c) We have natural isomorphisms Endc(-Be) — B and Endc°p(e-B) — B op which 
induce isomorphisms End C M (c){Be) ~ B_ and End C M (c°p)(e~B) — M_° p ■ 

(d) Be is (d — 1)- cluster tilting in CM (C). 

The above statements (c) and (d) show that B is a higher Auslander algebra of C in 
the sense of |Iya07b Section 1]. 

If moreover B is a graded fc-algebra, we have the following additional information. 

Proposition 2.3. In addition to assumptions (Al), (A2) and (A3), assume that B = 
Q) e>0 Bg is a graded k-algebra such that dim^i^ is finite for all IsZ, Then we have the 
following. 

(a) Be is a graded Cohen- Macaulay C-module. 

(b) The isomorphisms in Theorem \2. 1 preserve the grading, i.e. they induce isomor- 
phisms 



Ham GrC {Be,Be{£)) ~ B £ , Hom Gr(C o P) (eB,eB(£)) ~ B° p , 



Hom CM z, c JBe, Be(£)) ~ B^ and Hom CM Z( C op)(e.B, eB(i)) ~ 
(c) The category add {Be(i) \ i G Z} is a (d — 1) -cluster tilting subcategory of CM Z (C). 



The proof of Theorem 12.21 is given in the next two subsections. Assertions (a), (b) and 
(c) are proved in subsection 12. 1L Subsection 12.21 is devoted to the proof of (d). 

2.1. C is Iwanaga-Gorenstein. In the rest of the section we assume that the algebra 
B satisfies (Al), (A2) and (A3). 

The following is a basic property of bimodule <i-Calabi-Yau algebras. 

Proposition 2.4. Let B be a bimodule d-Calabi-Yau algebra. 

(a) |Gin06l Prop 3.2.4] |Kel08l Lemma 4.1] For any X e V{B) and Y e V fd (B), we 
have a functorial isomorphism 

Hom v(B) (X,Y) ~ DHo mv{B) (Y, X[d]). 

In particular, V fd (B) is a d-Calabi-Yau triangulated category. 

(b) We have gl.dimi? = d. 

Proof, (b) For any X, Y G T>(B), it is easy to see that we have 

RHom B (X, Y) ~ RHom B c(S, Hom fe (A, Y)) ~ Hom fc (X, Y) S B c RHom BC (B, B c ) 

~ Hom k (X,Y) g) B e B[-d}. 

In particular, for any X, Y G Modi?, we have 

Ext d B +1 {X,Y) ~ H d+1 {Hom k {X,Y) S B c 5[-rf]) = 0. 

Hence the global dimension of B is at most d. It is exactly d since Ext B (B_,B) ~ 
DHom B (5, 5) ^ holds by (A3) and (a). □ 



Let us make the following easy observations. 
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Lemma 2.5. (a) For any X G fdB, we have Ext B (X, B) = for any i ^ d. 
(b) For any X G modi?, we have Ext B (X, eB) = for any i G Z. 

Proof. We only prove (b) since (a) is simpler. Since dim^X < oo by (A3), we have 

Ext B {X,eB) ~ DExt|^(eS, X) 

by Proposition El If % ^ d, then Ext^"*(eS,X) is zero since eS is projective. If z = 
then it is zero since X G mod J?. □ 

Proposition 2.6. VKe /mi>e 



Exf c (5e,C)^| ^ and Ext&Be, Be) ~ | ° |J 



0. 



Proof. We consider the triangle 

L f L 



Be® c eB — ^ £ ^X »- fie ® c e£[l] in £>(B e 



L 



mult. 



where / is the composition Be ®c e B — > Be (g>c e B '+ B of natural maps. Applying 

L L L 

— ®b -Be, we have an isomorphism f <S>b Be. Thus X ® B Be = holds. This means that 
H i (X)e = and hence H\X) G modfi for any i G Z. 

By Lemma 1275T b). we have RHoitib(X, eB) = 0. Applying RHom^ — , eB) to the above 
triangle, we get 

eB = RHom B ( J B, eB) ~ RHom B (£e fee e£, e£) 

~ RHom c (£e, RHom B (e£, eB)) ~ RHom c (£e, C) in £>(C op <g> 5). 

Thus the first assertion follows. 
Similarly we have 

RHom B (£e S c eB, 5) ~ RHom c (£e, RHom B (e£, 5)) ~ RHom c *(£e, Be) in V(C op ® £). 

L 

Since Be and ei? are concentrated in degree 0, H l (Be®c e B) vanishes for i > 0, and then 
H l (X) = for any i > 0. Hence we have ii l (RHom B (X, £)) = for any i < d again by 
Lemma l2~5T a). Applying RHom B (— , B) to the above triangle, we have an exact sequence 

Hom v{B) {X,B[{\) Hom viB) {B,B\i}) Hom v{B) {Be® c eB, B\i}) Hom v(B) (X, B[i + 1]). 

In particular, for any i with < i < d — 2, we have isomorphisms 

L 

Ext l c (Be, Be) ~ Hom v{B) (Be ® c eB,B[i\) ~ Hom v{B) (B, B[i}) 
which show the second assertion. □ 

Now we are ready to prove Theorem 12.2( a). (b) and (c). 
(i) First we show that C is noetherian. 

This follows from (A2) by the following easy argument: Any right ideal I of C gives 
a right ideal I := IB of B satisfying Ie = I. Thus any strictly ascending chain of right 
ideals of C gives a strictly ascending chain of right ideals of B. Thus C is right noetherian. 
Similarly C is left noetherian. 
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(ii) Next we show that C is an Iwanaga-Gorenstein algebra. 

For any X G ModC, we shall show Ext£ +1 (X,C) = 0. Let Y := X ® c eB and P. be 
a projective resolution of the P-module Y. Then P.e is a bounded complex in add c{Be) 
which is quasi-isomorphic to Ye ~ X. Since by Proposition 12.61 Ext^.(Pe, C) vanishes for 
any i > 0, we have 

Ext£ +1 (X,C) ~ P d+1 (Hom c (P.e,C)). 
Since we have isomorphisms 

Hom^P.e, C) ~ Hom c (P. ® B Pe, C) ~ Hom B (P., Hom c (Pe, C)) ~ Hom B (P., eB)), 
we get 

Ext£ +1 (X, C) ~ P d+1 (Hom B (P„ eB)) ~ Ex4 +1 (F, eP) = 

by Proposition 12.41 

(hi) We show that Be is a Cohen-Macaulay C-module. 

By Proposition 12.61 we only have to show that Be is a finitely generated C-module. By 
(A2), the right ideal (e) = BeB of B is finitely generated. There exists a finite generating 
set of the P-module BeB which is contained in Be. Clearly it gives a finite generating 
set of the C-module Be. 

(iv) We show Theorem 12.2( c). 

We have Endc(Pe) ~ B by Proposition 12. 6[ Hence we have an equivalence 

Hom c (Pe, -) : add c (Pe) -)■ projP 

which sends C to eB. Thus we have 

EndcM(c)OBe) = End c (Pe)/[C] ~ End B (P)/[eP] ~ B/BeB = B. 

Here we denote by [C] (respectively, [eP])the ideal of Endc(Pe) (respectively, End^(P)) 
consisting of morphisms factoring through addC (respectively, addeP). 

Similarly we have P op ~ Endc°p(eP) and P op ~ EndcM (c°p){ e B). □ 

We end this subsection with the following observation (which will not be used in this 
paper) asserting that C enjoys the bimodule <i-Calabi-Yau property except that C may 
not be perfect as a bimodule over itself. 

Remark 2.7. We have RHom C c(C, C c )[d] ~ C in £>(C C ). 

Proof. Let P. be a projective resolution of the P e -module P. Applying eP ®b ~ ®b Be, 
we get an isomorphism eP.e ~ C in V(C e ). By Proposition I2.6[ we have 

RHom C e(eP<g> Pe, C c ) = RHom C o P (eP, C) g> RHom c (Pe, C) 

= Hom C o P (eP,C) <g> Hom c (Pe,C) = Hom C c(eP <g> Pe, C e ). 

Thus each term eP^e in eP.e satisfies Ext^ c (ePje, C e ) = for any i > 0, and we have 

RHom C c (C,C C ) ~ Hom C c(eP.e,C e ). 

Since the functor 

eP ® B - ®b Be: projP c -> modC e 
is fully faithful by Theorem 12.2( c). we have 

Hom C c(eP i e, C e ) ~ Hom B c(P i , Be g> eP) = eHom jB e(P i , P°)e 
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Consequently we have 

RHom cc (C,C e ) ~ Hom C e(eP.e,C e ) 

~ eHom B c(P.,P c )e 

~ eRHom B c(P,P c )e 

~ e(B[-d])e = C[-d}. 
Thus the assertion follows. □ 

2.2. Be is (d — l)-cluster tilting. In this subsection we prove Theorem 12. 21( d). 

By Proposition I2.6[ we have Ext^(Pe,Pe) = for any i with 1 < i < d — 2. The 
assertion follows from the following lemmas. 

Lemma 2.8. For any X G modC, we have proj.dim Bop Hom c (X, Be) < d — 2. 

Proof. Let Pi »- Pq >■ X >■ be a projective presentation of X in modC. Ap- 
plying Homc(— ,Be), we have an exact sequence 

^ Hom c (X, Be) ^ Hom c (P , Be) ^ Hom c (Pi, Be) 

of P op -modules. Then Homc(Pj,Pe) is a projective P op -module for i — 0, 1. Since 
gl.dimP op = d by Proposition 12.41 we have proj.dim Bop Hom c (X, Be) < d — 2 □ 

Lemma 2.9. If X G CM (C) satisfies Ext^-(X, Be) = for any i with 1 < i < d — 2, then 
we have X G add c (Pe). 

Proof. Let 

o — ^n d - 2 x — -p d _ 3 — -P — — 

be a projective resolution of the C-module X. Applying Homc(— ,Be), we get an exact 
sequence 

Hom c (X, Be) Hom c (P , Be) ^ Hom c (P d _ 3 , Be) Hom c (tt d - 2 X, Be) 

of P op - modules, where we used that Ext^.(X, Be) = for any i with 1 < % < d — 2. By 
Lemma I2~5l we have proj.dim Bop Hom C 7(f2 d ~ 2 X, Be) < d — 2. Since each Hom c -(Pj, Be) is 
a projective P op -module, it follows that Homc(X, Be) is a projective P op -module. Thus 
we have Homc(X, C) = eHomc(X, Be) G addc-°p(eP) and 

X ~ Hom C7 o P (Hom c (X,C),C) G add c Hom c ° P (eB,C) = add c (Pe) 

by Propositions 11.31 and 12.61 □ 

Lemma 2.10. If X G CM (C) satisfies Ext^(Pe,X) = for any 1 < i < d - 2, then we 
have X G addc(Pe). 

Proof. Let (-)* := Hom c (-,C) : CM (C) CM (C op ) be the duality in Proposition O 
Then we have {Be)* = eB by Proposition 12.61 Since the duality (— )* preserves the 
extension groups, we have Ext^. op (X*, eB) = for any i with 1 < i < d — 2. Applying 
LemmaESlto (B,C,Be,X) : = (P op , C op , eB, X*), we have X* G add C o P (eP). Applying 
(— )* again, we have X G add c (Pe). □ 

Now Theorem 12.2( d) is a direct consequence of Lemmas 12.91 and 12.101 
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3. Graded Calabi-Yau algebras as higher preprojective algebras 

In this section, which is independent of Section 2, we work with a graded algebra 
B = @£ >0 Bi such that dim^ Bq is finite. We show under assumptions of <i-Calabi-Yau 
type on B, that B is isomorphic to the <i-preprojective algebra of A := Bq. 

3.1. Basic setup and main result. 

Definition 3.1. Let d > 2. Assume that B = Q) e>0 Bi is a positively Z-graded fc-algebra. 
We say that B is bimodule d-Calabi- Yau of Gorensiein parameter 1 if B e perP e and there 
exists a graded projective resolution P, of B as a bimodule and an isomorphism 

(3.1.1) P. ~ P. V M(-1) in C b (grproj5 e ), 

where we denote by (-) v = Hom Bc (-,P°) : C b (grproj B c ) -> C b (grproj (P c ) op ) ~ C b (grprojP c ) 
the natural duality induced by a canonical isomorphism (P e ) op ~ B e . 

Remark 3.2. If for any £ e N the homogenous part P^ is finite dimensional, then the 
category grB is Horn-finite and Krull- Schmidt. Hence the graded algebra B is bimodule 
c?-Calabi-Yau of Gorenstein parameter 1 if and only if there exists an isomorphism 

RHom B c(P,P c )[d](-l) ~ B inV(GrB c ). 

In this case, the minimal projective resolution P. of B as a P-bimodule satisfies f)3.1.ip 

Throughout this section we assume 

(Al*) B is bimodule d-Calabi-Yau of Gorenstein parameter 1. 

The aim of this section is to prove the following. 

Theorem 3.3. Let B be as above with A := Bq finite dimensional. Then we have the 
following. 

(a) A is a finite dimensional k-algebra with gl.dim A < d — 1. 

(b) The derived d-preprojective algebra Hd(A) is concentrated in degree zero. 

(c) There exists an isomorphism LLj(A) ~ B of "L-graded algebras, where ILj(A) is the 
d-preprojective algebra of A. 

Note that as a consequence of this Theorem, we obtain that dim^ Be is finite for all 

t > since B t ~ Ext^ _1 (PA, A)® A ---® A Ext^iDA, A). 

y v ' 

£ times 

The main step of the proof consists of the following intermediate result. 

Proposition 3.4. Let B be as above, A := Bq and B = Qd-i{A) be a projective resolution 
of HHom A c (A, A e )[d — 1] in T>(A e ). Then there exists a triangle 

® A P(-l) B A ® A P(-l)[l] in V(Gr(A op ® B)) 

where a : B — )■ A is the natural surjection. 

Before proving Proposition 13.41 and Theorem I3.3[ let us give an application. 
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Definition 3.5. [HI012] Let n be a positive integer. A finite dimensional algebra A is 
called n-representation infinite if gl.dimA < n and E>~ l A belongs to mod A for any % > 0. 

Clearly an algebra A with gl.dim A < n is n-representation infinite if and only if Tl n+ i(A) 
is concentrated in degree zero. Thus we have the following immediate consequence. 

Corollary 3.6. Let B be a graded algebra which is bimodule d-Calabi-Yau of Gorenstein 
parameter 1, with dim^ Bq < oo. Then Bq is (d — 1) -representation infinite. 

The n-representation infinite algebras are also called extremely quasi n-Fano and stud- 
ied from the viewpoint of non- commutative algebraic geometry in |MM10j . In particular, 
Corollary 13.61 was proved in |MM10t Thm 4.12] using quite different methods. We note 
that combining with Keller's result |Kelllt Thm 4.8], we have a bijection between bimod- 
ule ci-Calabi-Yau algebras of Gorenstein parameter 1 and (d — l)-representation infinite 
algebras (see |H1U121 Thm 4.35]). 

3.2. Splitting the graded projective resolution. Let us start with the following ob- 
servation. 

Lemma 3.7. Let Q, be a complex in C b (grproj B e ) such that each term is generated in 
degree zero. 

(a) The degree zero part (Q,)o is isomorphic to A®bQ» ®b A in C b (proj A e ). 

(b) We have isomorphisms B ® A A® B Q* — Q* — Q»®b A ® A B in C b (grprojP e ). 



Let B, P., and A = Bq be as in subsection 13.11 The following observation is crucial. 

Lemma 3.8. In the setup above, the following assertions hold. 

(a) There exist complexes 

Q» = {Qd-i 5 *■ Qi *~ Qo) and 

R. = (R d -x R x R ) in C b (grproj B c ) 

and a morphism f : R,(— 1) >■ Q, in C b (grproj B e ) such that P, is the mapping 

cone of f and each Qi and Ri are generated in degree zero. 

(b) We have R. ~ Q^[d - 1] and Q. ~I%[d- 1] in ^(grprojP ). 

Proof, (a) Since the resolution P. of B is minimal, and since Bi = for any i < 0, each 
Pi is generated in non-negative degrees. If Pj has a generator in degree a > 0, then by 
the isomorphism (I3.1.ip Pd-i has a generator in degree 1 — a, which implies 1 — a > 0. 
Therefore a has to be or 1, and each P, is generated in degree or 1. 

For each i = 0, . . . , d we write Pj := Pf © P/(— 1), where all the indecomposable 
summands of Pj° and P/ are generated in degree zero. By the isomorphism (13.1.11) . we 
have P/ ~ {Pd-iY f° r an y * £ ^- Since the P e -module B is generated in degree zero, we 
have Pq 1 = and so P° = 0. Then the map di : Pj — > Pi-i can be written 



di : PP®PH-1) 



o -a 



Pl^PUi-i) 
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Therefore we have 
P. = (P d - 



Pd-i 



P? 



d 2 



Pi 



di 



Po) 



Q. ■= (0 



(0 



pO 



PK-i) 



pO 



b 3 

pK-K 



In 



P °) 



In 



C3 



^(-1) — ^(-1)) 



Hence P. is the mapping cone of the morphism / : P.( — 1) — > Q,. 

(b) We have an exact sequence 







Q. 



P. -P.(-l)[l] -0 in C b (grprojP e 



Applying (— ) v (— and using the isomorphism f 13 .1.1)) . we have an exact sequence 

I%[d - 1] P. QV{-l)[d\ in C b (grprojP c ). 

Since Q, is generated in degree zero and the degree zero part of Q^(—l)[d] is zero, we have 
Hom cb(grprojB e ) (Q.,Qr(-l)M) = 0. Similarly Hom eHsrprojBe) (R^[d - 1], i2.(-l)[l]) = 
holds. Thus we have a commutative diagram 











Q. 



P. — -P.(-i)[l] 



RV[ d - 1] .P. . Q V .(-l)[d] 











which implies Q. ~ P^[d - 1] and R, ~ Qt[d- 1]. □ 

Lemma 3.9. Let Q, be as defined in Lemma \3. SI We have the following isomorphisms. 

(a) A® b Q.®b A~ A m V(A C ). 

(b) A ® B Q. ~ B in P(Gr A op ® P). 

Proof, (a) Since P. is isomorphic to the mapping cone of / : P.(— 1) — > Q,, we have an 
isomorphism 

(P.)o ^ Cone((P.)-i -> (Q-)o) in C b (projA c ) 
where (X)^ is the degree £ part of the complex X e C b (grproj P c ). Since P is only in 
non- negative degrees, then so is P.. Hence we have 

(P.)o^(Q.)o inC b (projA e ). 

Since P. ~ P in P(GrP e ), we have (P.)o — Po = ^4 in V(A e ). Therefore we get 
A® B Q,® B A~ (Q.) ~ A in V(A e ) by Lemma O 

(b) We have the following isomorphisms in V(Gr(A op eg) P)): 

A® B Q. ~ (A® B Q. ® B A) ® A P byLemmaO 



P ~ P 



by (a) 



□ 
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Proposition 3.10. We have gl.dimA < d — 1. 



Proof. By Lemma f3T9l . A®bQ»®bA'\s a. projective resolution of the A e - module A. Thus 
we have gl.dim/1 < proj.dim^cA < d — 1. □ 

Lemma 3.11. Let R, be as defined in Lemma WTR Then we have the following isomor- 
phisms. 

(a) A ® B R. ® B A ~ 6 in V(A C ). 

(b) A ® B P. ~ 9 ® A P in V{Gr A op g> P). 



Proof, (a) We have the following isomorphisms in D(A e ): 

A ® B P. ® B A[l — d] ~ t4 ® b Q y m ®b A 

~A® B Honi£c(Q., P c ) ® B A 
~Hom B c(g.,A e ) 

~ Hom B c(P (g> A ^®B Q. ®b A ® A B, A 
~ Hom j4 c(A ® B Q. g) B A, A e ) 
~ RHom j4 e(A, A c ) 

(b) We get the following isomorphisms in V(Gr(A op £g> P)): 

A® B R.^ {A ® B R. ® B A) <g) A B 

~ ® A P 



by Lemma [3.81 

by Lemma [3.71 
by Lemma [3.91 



by Lemma [3.71 
by (a). 



□ 



Now we are ready to prove Proposition 13.41 
By Lemma lBTBl there exists a triangle P.(— 1) 



P. >■ J2.(— 1)[1] in£>(GrP e ). 



Applying the functor A ®b — to this triangle we get the triangle 

A ® B R.(-l) A ® B Q. A ® B P. A ® B P.(-l)[l] in V(Gr(A op <g> P)). 

By Lemmas 13.91 and 13.111 we get a commutative diagram 

A ® B R.(-l) A g) fl Q. »- A P. ^ A ® B P.[l](-1) 



e 



B(-l) 



B 



A 



e® A B(-i)[i] 



in T>(Gr(v4 op £g> P)) with the natural surjection a. 



□ 



We end this subsection with recording the following observation, which is not used in 
this paper and follows easily from Lemmas 13.91 and 13.111 



Remark 3.12. We have isomorphisms Q, ~ P £g> A P and P. ~ P ® A 6 0a P in T>{A e ). 
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3.3. Proof of Theorem I3.3L From Proposition 13 A\ we have a triangle 

9 ® A B{-1) B A - ® A B(-l)[l] in P(Gr {A op g> 5)). 

Since a is the natural surjection, a is an isomorphism except for the degree zero part. 
For any I > 1 we use the following notation: 



M • • • 



) A QeV(A e ). 



Definition 3.13. Let a e : Q £ ® A B ^ B(£) be a morphism in V(Gr(A op <g> B)) defined 
as the composition 



B(r 



l e <-2®i«(2) 



a>i : <&> A 

Let : H°(Q l ) — >■ 5^ be a morphism in Mod (A e ) defined as 



e ® A 5(£ - 1) A b(£) 



fa := H°(a £ ) : H°(Q e ) B t . 

Now we are ready to prove Theorem 13.31 

(a) This is already shown in Proposition 13.101 

(b) Looking at the degree zero part of ate, we have an isomorphism 



6^ = (Q e ® A B\ 



B e in V(A e 



for any i > 0. Thus Yld(A) = T\Q is concentrated in degree zero, 
(c) Consider the following diagram for any £, m G Z: 



H°(e e ) ® A H°(Q m ) ( ^ * H^e 1 



J A % 



#°(0 




The left square commutes since o^ +m = a^(m) o (1 < (g>^ a m ) holds, and the right triangle 
commutes since H°{ai) : H°(Q ) <8u — >■ is a morphism of right 5-modules. In 

particular, the fc-linear isomorphism 



^ e>0 ^:U d (A) = ®e> H (e £ ) 



B = 0^>o B t 



is compatible with the multiplication. 



□ 



The next lemma, which we will use later, follows immediately from the definitions of 

at and fa. 
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Lemma 3.14. 



(a) The following diagram is commutative: 
#0(9<) 2^ Hom v(A) (A,S e ) 



Hom v(GrB) (B,S e ® A B) 



B, 



Hom v{GrB) {B,B{£)) 



(b) /?£ is equal to the composition 
Pt : H°(Q e ) — H°(G) ® A ■ ■ ■ ® A H°(0) ^ A :^- 



R mult R 



4. Main results 

Let B = 0^ >o Bi be a positively Z-graded algebra such that dim fe B < oo. Let A := £? 
and let e £ A be an idempotent. Assume that the conditions (Al*), (A2) and (A3) are 
satisfied, and in addition 



(A4) eA(l - e) = 0. 
That is, we have an isomorphism of algebras A 



. Combining Propo- 



eAe 
[l-e)Ae A 

sition 13.101 and (A4) we immediately get that gl.dimA < d — 1. Moreover recall from 
Section 2 that C := eBe is also noetherian and that we have Be £ CM (C) and el? £ 
CM(C°p). 

The aim of this section is to prove the following result. 
Theorem 4.1. Under assumptions (Al*), (A2), (A3) and (A4), we have the following. 



(a) The functor F : V h (A) 



V h (A) 



-®ABe b 



V h (grC) 



CM Z (C) is a tri- 



angle equivalence. Moreover Be is a tilting object in CM Z (C). 
(b) There exists a triangle equivalence G : Ca-i(A) ~~ > CM (C) making the diagram 



V h {A) 



C d -i{A) 



CM_ Z (C) 



G 



nat. 



CM(C) 



commutative, where Cd-i(A) is the generalized (d— 1)- cluster category of A. 
As a consequence we obtain that CM (C) is (d — 1)-Calabi-Yau. 

4.1. Notations and plan of the proof. Let us start with some notations which we use 
in the proof. 
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We denote as before by 6 = Qa-i(A) a projective resolution of RHorru<=(^4, A e )[d — 1] 
in V(A C ), and by = B d -i(A) a projective resolution of KHom A c (A, A c )[d - 1] in V(A e ). 
For £ > 1 we put 

e l ■=e® A e® A ---® A &ev(A c ) and e £ :=e® A e® A ---® A 0Gp(A e ). 

" V ' " v ' 

i times £ times 

We denote by _1 a projective resolution of ZL4[1 — d] in T)(A C ), and by _1 a projective 
resolution of DA[1 - d] in V(A e ). For £ > 1 we put 

0-' = 0- 1 ® A . . . ® A 0- 1 G P(A e ) and = Q- 1 ® A ... ^r 1 G V{A e ). 

y ' s v ' 

I times l times 

Then for any f,m£Zwe have isomorphisms £ ®^0 m ~ £+m in V(A e ) and 0^®A© m — 
£+m in V(A e ). 

The proof of Theorem 14.11 is given in the next subsections. It consists of several steps 
which we outline here for the convenience of the reader. 

In subsection 14.2} we construct for all I > an isomorphism 

(4.1.1) Mom v( A){A,e e ) (LemmaEl 
compatible with composition in T>(A) and product in B_. 

L L 

In subsection 14 . 31 we construct a map A ® A Be{l) — >■ 0®A-Be in D(Gr(A op ®C)) whose 
cone is perfect as an object in D(GrC) (Proposition 14. 8p . With F as in Theorem 14.11 (a). 
it gives us a commutative square for any IgZ 

(4.1.2) £> b (A) *CM Z (C) (Proposition S3]) 

-%e' ^) 
V h (A) — ^CM Z (C) 

and an isomorphism 

(4.1.3) F(Q e )~Be(£) (Propositioning). 

Moreover we can use this to show that F induces a triangle functor G : Cd-iGd) ~~ CM (C) 
(Proposition 14. lUj) . 

In subsection 14.41 we show that the isomorphisms (14.1.11) and (14.1.3P are compatible 
with the map F Ae e for any i > 0, that is, there is a commutative diagram 

(4.1.4) Hom^A©') . HomeMZ (c) (F(A),F(90) . 



13X31 



^ P IToV^ *" Hom CM z (C)( 5e > 5e W) 

Prop lZ.OI b) 

It implies that the map F Ae i is an isomorphism (Proposition 14. 13]) . 
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The last step of the proof consists of using (d — l)-cluster tilting subcategories in the 
categories V h (A) and CM_ Z (C), (resp. C d -i(A) and CM_(C)) and Proposition O to show 
that F : V(A) -»■ CM Z (C) (resp. G : C d _iQ4) CM is an equivalence. 

4.2. Preprojective algebras. Using the following observation, we identify A®y}6 ®a A 
and in the rest of this section. 

Lemma 4.2. VFe have an isomorphism A ®a ®a A->9 in ^(A 6 )- 

Proof. We have the following isomorphism 

A(g) A Q -RHom A (DA,A) mV(A op (g)A). 

Let /. be an injective resolution of A as an v4 e -module. It follows from (A4) that I, is also 
an injective resolution of A as an A-module. Hence we have the following isomorphisms 
in V(A e ): 

L 

A® A 0® A A ~ HHom A (DA } A) ®a A 
~ Hom A (DA,I.)® A A 
~ Hom A o P (D/., A) ® A A 
~ Hom A o P (£>!„, A) 
~ Y\om A ° P (DI.,A) 
~ Horru(Ad, I.) ~ 0. 

□ 

Denote by po : A — )■ A the natural projection in Mod (A e ). For I > 1 we define the map 
: 0^ — > Q_ e in V(A e ) as the following composition: 

0^ ~ A ® A ® A A ® A ® A ■ ■ ■ ® A ® A A 

A <g>A <g> A A <8> A ® A • • • ® A © ® A A 
! 

(A ®A © ®A 4) ®A (A ®A © ®A ■ ■ • ®A (A ®A 6%A)- 

Lemma 4.3. Le£ ^ : H°(Q e ) Bg be as in Definition \3.13\ Then there exists an 
isomorphism H°(Q_ e ) ^> Bj making the following diagram commutative. 

H°{® 1 ) § »Bt 

H°(pi) nat. 

^°(© £ ) 

Proof. Let E := #°(0), £ := H°(Q) and for £ > 1 

E l \= E <S> A E ® A . . . Cg) a -E and £^ := E <S> A E <S> A ■ ■ ■ ®a E. 
* ' ^ ^ 

(■ tlm es t times 

(i) We show that fi\ : E A- B\ induces an isomorphism E_—>B_ V 
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Taking H° of the isomorphism G ~ A <S>a © ®aA constructed in Lemma |4~2| we obtain 
isomorphisms 

E B x 



E~A® A E® A A 



AeE + EeA AeB x + B x eA 



B x inMod(A e ). 



(ii) We show that E_ A- B_ x in (i) induces an isomorphism E_ £ B_£ for any £ > 1. 
Note that for M and N in Mod (A c ) we have a canonical isomorphism M £g>A N 
M £g> A N. Thus we have the following isomorphisms 

E l 



E" 



E 



E 



TaE 



AeE + EeA AeE + EeA Y? i=Q E^E^ \ (e) 

Using the isomorphism of Z-graded algebras T A E ~ B in Theorem I3.3[ we obtain 



E l 



T A E 



B 



B c . 



(hi) We show that the natural map 



E_ — E_ ®a ®aK = e: 



makes the following diagram commutative: 



— *" i>i 



H (e e ) - 



nat. 



M • • • yyA 



(ii) 



5l 



mult. 



nat. 



The right pentagon is clearly commutative since both horizontal maps are induced by 
the isomorphism of Z-graded algebras T A E ~ B. 

We then show that the left square is commutative. Since the square 



A® A A- 
i 

A — 



P0<8>AP0 



■A® A A- 



■A® a A 



A 



a£ - x ^ a l H o (e) ® A H°(p ) 



is clearly commutative, we have the assertion from the following isomorphisms: 

~ #°(p ) ®A (1ho (0 ) ®A #°(p ®A Po)) 

~ tf ^) ® A (Uo^ ® A H G {p G ))^- 1 ® A l H o m ® A H°(p 
~ #°(p,). 

(iv) Now the assertion follows from the commutative diagram in (iii) since the upper 
horizontal map is by Proposition 13.141 □ 

From Lemma 14. 3^ we immediately get the following consequence. 

Corollary 4.4. We have an isomorphism ILj(.A) ~ B_ of Z-graded algebras. 
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By hypothesis (A3), the algebra B_ is finite dimensional. Therefore we get the following 
consequence of Theorem 11.121 

Corollary 4.5. Let C<i-i(A) be the generalized (d — 1)- cluster category associated to A. 
Then the following hold. 

(a) Cd-i{A) is a (d — 1)-Calabi-Yau triangulated category. 

(b) The object it (A) is a (d — 1) -cluster tilting object in Cd-i{A). 

(c) The category add{0^ | £ e Z} C £> b (A) is a (d — 1)- cluster tilting subcategory of 
V h (A). 

4.3. Compatibility of gradings. For any i > 0, we consider the map 
q £ ■= pe ® A l Be : Q e <g> A Be 0^ d A Be in CM_ Z (C). 

Lemma 4.6. The cone of the map q e : 0^ <g> A Be -> £ ® A Be in X>(Gr(A op ® C)) 
perfect as an object in P(GrC). 

Proof. The cone of : A — )■ A is in thick (AeA) C X'(A). Moreover, since A is of finite 
global dimension and is finite dimensional, is in perA e . Then the cone of the map 
Pi = Po ®a le ®Po is in thick (AeA) C T>(A). By an easy induction, we get that the cone 
of p e is in thick (AeA) C V(A). Since AeA is in thick (eA) C V(A) and eA ® A Be = C, 

L 

then the cone of qi = pi £g> A is in thick (C) C P(GrC). □ 
For £ > 1 we consider the map 

7, := a, ® A l Be ■ © £ ®a Be ->■ Ee(£) in £>(Gr(A op ® C)). 

L L 

Lemma 4.7. T7ie morphism l A Cg} A 7i '■ A® A Q <& A Be — > A ® A Be(l) is an isomorphism 
m£>(Gr(A op ®C)). 

Proof. The cone of this morphism is A ® A A(l) <S>b Be = A (g># Be(l) = Ae(l) = 0, so we 
have the assertion. □ 

From Lemmas 14.61 and 14.71 we get the following fundamental consequences. 

Proposition 4.8. The cone of the composition map 

L L 

L _ x (1a®a7i) (l i 4® 4 e) ( X>AP0 | X)Als<: L L 

A <g> A Be(l) — >■ A <g> A <g> A 5e ^ A <g> A <g> A A <g> A £e ~ <g> A 5e 

m P(Gr(A op <8> C)) is perfect as an object in P(GrC). 

Proposition 4.9. The following diagrams of triangle functors are commutative up to 
isomorphism. 

V h (A) — - CM Z (C) V h (A) - CM Z (C) 



(i) -^r 1 



(-i) 



V h (A) CM & (C) V b (A) — - CM Z (C). 
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Combining Proposition 14.81 with the universal property of the generalized cluster cate- 
gory (Proposition 11.10) 1. we get the following consequence. 

Proposition 4.10. There exists a triangle functor G : Ca-iGi) — » CM (C) such that we 
have a commutative diagram 



V h (A) 



C d -i{A) 



G 



nat. 



CM(C). 



The following isomorphism in CM Z (C) plays an important role. 
Proposition 4.11. The morphism in Proposition \4 . 8\ gives an isomorphism 

5 : F(Q) = Q® A Be A ® A Be{l) = F{A) in CM Z (C) 
such that the following diagram commutes: 



6 ® A Be 



'-n 



71 



A® A Be(l) 



90(1) 



L 

6<8u Be 



A® A Be(l) 



Proof. The assertion follows from the following commutative diagram: 



6 ® A Be 



B® A Be 



71 



A ® A 6 ® A Be 



A® A Be(l) 



(lA® ,e)®AP0®Ali 



• A ® A 6 ® a A <g> A Be 



L 



□ 



For any £> 1, let <5£ : (g)^ £?e — >■ A (g)^ Be(f) be an isomorphism in CM. (C) defined 
as the composition 



Si : 6 £ <g> A Be 



Q"- 1 ® A Be(l) 



l e <-a®A«y(l) 



0® A Be(£-l)—^Be{£). 



The isomorphism and Lemma 14.61 for £ = give us in particular the following 
consequence. 

Proposition 4.12. For any £ e Z we /iawe F(6 € ) ~ £e(£) in CM. Z (C). 
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4.4. F and G are equivalences. The following result is the key step for proving that 
the triangle functors F and G are equivalences. 

D ^ ^ 

Proposition 4.13. The map F A e e : Homz>(A)(A, 6 ) — > Hom CM z^(A ®a Be, B CSU-Be) 
zs an isomorphism for any IgZ, 

In order to prove this we need the following intermediate lemmas. 



Lemma 4.14. The isomorphism Bj ~ Hom CM z^(5e, Be{£)) of Proposition lKW b) makes 
the following diagram commutative: 



H°{Q e ) 



B 



i 

nat. 



Be 



Hom viA) (A,e l 



\Be 



Hom CM z (c<) (i?e, 6^ ® A Be) 



Hom CM z (C) (Se, Be(£)) 



Proof. The above diagram is a part of the following: 



Hom v(A) (A, B l 



\B 



Be, 



Hom v{GrB) (B, Q e ® A B) ^U. Hom v(GrC) (Be, Q e ® A Be) 



at- 



Bp 



Hom v{GrB) {B,B{£)) 



,Be 



IV 



nat. 



B, 



Wom^ QxC) {Be,Be{£)) 

Hom CM z (C)( 5e ' 5e W) 



The upper left pentagon is commutative by Lemma 13.141 The upper right square is 

L 

commutative since by definition j£ = a^®A^-Be- The lower pentagon is commutative since 
the isomorphism of Z-graded algebras B ~ ^ eeZ \-\om CM z^(Be, Be(£)) is induced by 
the isomorphism of Z-graded algebras B ~ © teZ Hom GrB (_B, B{£)) (Proposition 12.3( b)). 
Hence the original diagram is commutative. □ 
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Lemma 4.15. For any £ > the following diagram commutes. 



Ho mv{A) (A,Q' 



l Be 



H°( Pe ) 



Ptr 



Hom v{A) {A,& 



■iH) 



iBe 



Hom CM z (c) (£?e, 6* ®a -Be) »- Hom CM z, c) (A <gu -Be, 6 <8u -Be) 



Proof. This is clear since by definition qe = pi <&a l^e- 

Lemma 4.16. We have the following commutative diagram in CM Z (C): 



□ 



S e ®4 5e 



7* 



90 W 



9 £ <gu Be 



5e(£) 



Proof. For the case 
assertion is true for 



: 1, the assertion is shown in Proposition 14.111 Assume that the 
1. Consider the following commutative diagram: 



e ® A e*- 1 ® A Be 

le®A7«-i 



po®a(i , ,L ) T 

>■ e <gu e £ 



®^ e^ 1 ® A Be © ® A e^-i ® A Be 



lo(8l / i(J0(£— 1) 1j , , A® <Be(«-l) 1j 

9 ® A Be(£ - 1) % 9®iA®A Be(£ - 1) - ® A A <8> a Be(£ - 1) 



71 (<-l) 

Be{£) 



Si(e-i) 



■A® A Be{£) 



Clearly the upper right square is commutative. The upper left square is commutative 
by our induction assumption, and the lower pentagon is commutative for the case £ — 1. 
Thus the commutativity for the case £ follows from the biggest square. □ 



Proof of Proposition \4.13[ For £ < 0, the spaces Hom©^ (A, 9 ) and Hom CM 2., c JF(A), F(Q )) 
Bj vanish, hence F A e e is an isomorphism in this case. 



2(> 
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For t > consider the following diagram: 



B 



Hom P(A) (A 6* 



nat. 



I Be 



Horn 



CM_ Z (C) 



{Be, Q l 



Be) 



Horn 



it- 



-®ABe=F A Q t 
L . L 

cm *(c) ®^ Be, ff g> a Be) 



Hom CM z (c)(Be,Be(£)) 



m(0 ■ 9c" 1 



Hom CM z (c ^ {A® A Be, A® A Be(£)) 



By Lemma 14. 141 the left hexagon is commutative, by Lemma 14. 151 the upper right hexagon 
is commutative, and by Lemma 14.161 the lower square is commutative. Hence the whole 
diagram commutes. 

Moreover by Lemma [4.31 the map : H°(Q e ) ~ Bi induces an isomorphism H°(Q ) ~ 
Bj. Therefore the following diagram is commutative 



Hom^ ( A)U,©^ 



Horn 



Bo 



CM Z (C) 

qo W _1 <^ • go 

Hom CM z (c)(Be,Be(£)) 



and F A e e is an isomorphism. □ 

Proof of Theorem J^.l. By Proposition 14.121 the functor F restricted to the subcategory 
add{6 £ | t G Z} cF(i) induces a functor: 

add {6^ | I G Z} add{5e(£) feZ}c CM Z (C). 

This is an equivalence by Propositions 14.121 and 14.131 These subcategories are id — 
l)-cluster tilting subcategories by Corollary 14.51 and Proposition 12.3( c). Thus F is an 
equivalence by Proposition 11.71 

Similarly, the map G^a^a is an isomorphism since F A e e is an isomorphism for any 
£ G Z. Therefore we deduce that G is an equivalence using the same criterion. □ 

5. Application to quotient singularities 

In this section we apply the main theorem in the previous section to invariant rings. 

5.1. Setup and main result. Let S be the polynomial ring k[x±, . . . ,Xd] over an alge- 
braically closed field k of characteristic zero, and G be a finite subgroup of SL d (k) acting 
freely on k d \{0}. The group G acts on S in a natural way. We denote by R := S G 
the invariant ring and by S * G the skew group algebra. Then R is a Gorenstein iso- 
lated singularity of Krull dimension d. We assume that G is a cyclic group generated by 
g = diag(£ ai , . . . , ( ad ) with a primitive n-th root ( of unity and integers aj satisfying 
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(Bl) < a,j < n and (n, aj) = 1 for any j with 1 < j < d. 

(B2) <2i H h a rf = n. 

We regard S" = k[xi, • • • , Xd) as a —graded ring ®^ gZ S'i by putting degXj = —. Since 
G acts on S by g ■ Xi = ( ai Xi, the invariant subring is given by 

S G = Q)S e . 

Now we define graded S^-modules for each % with < i < n by 

T* — Q 



where the degree £ part of T* is , Then we have T° = S' 6 '. Let 

n 

n— 1 n— 1 

T := 0r and T' := 0T\ 

i=0 i=l 

Note that we have T ~ £ as (ungraded) S^-modules. Define /c-algebras by 

A := End Gr(5G) (T), A := EndcM Z(sG) (T) 

B:=End sG (T), B := End^ (^(T). 

Then B and S are graded algebras such that A = Bq and A = 5 . We will give explicit 
presentations of B, A and A in terms of quivers with relations in Proposition 15.51 

Let e be the idempotent of B = Endsa(T) associated with the direct summand T° of 
T. Then we have eBe ~ S G , A~ A/(e) and B~B/(e). 

Our main result in this section is the following. 

Theorem 5.1. Under the assumptions and notations above, we have the following. 

L 

(a) The functor F : V h {A) V h {A) ~® aB * > V h (grS G ) - CM Z (S G ) is a tri- 
angle equivalence. Moreover T ~ Be is a tilting object in CM Z (S G ). 

(b) There exists a triangle equivalence G : Cd-i(A) — > CM (S G ) making the diagram 

V h (A) J ^CM Z (S G ) 

nat. 

C d -x{A) 1 -CM(S G ) 

commutative, where Cd-i{A) is the generalized (d — 1) -cluster category of A. 
As a consequence, we recover the following results. 

Corollary 5.2. In the setup above, the following assertions hold. 

(a) |Aus78t III. 1] The stable category CM (S G ) of maximal Cohen- Macaulay R-modules 
is a (d — \)-Calabi-Yau triangulated category. 

(b) |Iya07a Thm 2.5] The S G -module S is a (d — l)-cluster tilting object in CM (S G ). 



As a special case of Theorem 15.11 we have the following. 
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Corollary 5.3. Let G C SL^A;) be a finite cyclic subgroup satisfying (Bl). Then the 
stable category CM (S G ) of maximal Cohen- Macaulay modules is triangle equivalent to the 
generalized 2-cluster category C2GI) f or a finite dimensional algebra A of global dimension 
at most 2. 

Proof. We only have to check the condition (B2). Let g = diag(£ ai , ( a ' 2 , ( a3 ) be a generator 
of G. Since < a« < n and g G SL 3 (A;), we have a± + 02 + 03 = n or 2n. If this is n, then 
(B2) is satisfied. If this is 2n, then g~ l = diag(C~ ai , ( n ~ a2 , C" as ) satisfies (B2) since 
(n — a±) + (n — 02) + (n — a 3 ) = n. □ 

Remark 5.4. (a) The equivalence F : V h (A) ->■ CM z (g G ) is obtained by Ued a |Ued08] . 
Our proof is very different since he uses a strong theorem due to Orlov |Orl 05j. 
(b) The equivalence G : Cd-i(A) — > CM (S G ) is an analog of an independent result 
proved by Thanhoffer de Volcsey and Van den Bergh [TV101 Proposition 1.3]. 
They use generalized cluster categories associated with quivers with potential in- 
stead of those associated with algebras of finite global dimension. 

5.2. Proof of Theorem 15.11 Let G be a finite cyclic subgroup of SLa(k) generated 
by g = diag(£ Ql , . . . , ( ad ) as above, and let S G , B, B_, A and A be as defined in the 
previous subsection. Then B = End 5 G(S') is isomorphic to the skew group algebra S * G 
by |Aus86t IYos90j . which is known to have global dimension d. We want to show that 
conditions (Al*) to (A4) in the previous section are satisfied in this case. We start with 
condition (Al*), and here we need some notation. 

First we give a concrete description of the McKay quiver Q of the cyclic group G 
[McK80j. The set Qo of vertices is Z/nZ. The arrows are 

x l j = x j : i — > i + cij (i G Z/nZ, 1 < j < d). 

Proposition 5.5. (a) A presentation of B is given by the McKay quiver with com- 
mutative relations 

x l + a > x*. = x^' x), (i G Z/nZ, 1 < < d). 

(b) A presentation of A is obtained from that of B by removing all arrows : i — )■ %' 
with i > %' . 

(c) A presentation of A is obtained from that of A by removing the vertex 0. 

Proof, (a) This is known (e.g. |CMT07l Prop. 2.8(3)]. [ESWlOl Cor. 4.2]). 

(b) By our grading on T, the degree of the morphism Xj :T % — )■ T* is if i < i', and 1 
otherwise. Thus we have the assertion. 

(c) This is clear. □ 

We denote by Qi the set of paths of length £, and by kQi the k- vector space with basis 
Qi. Then kQ is a fc-algebra which we denote by L := kQo. Clearly we have 

kQ £ = kQx <g> L • • • ® L kQi . 

V v ' 

I times 

Define a vector space Ut as the factor space of kQn modulo the subspace generated by 

v <g> Xi ® Xj <2) v' + v <2) Xj <g> Xi ® v'. 
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We denote by v i A v 2 A • • • A v g the image of v% <g> v 2 <g) • • ■ <g> vg in Vg. Then Ug has a basis 
consisting of 

x je A x ji-\ A • ■ ■ A 

where 

z s- i + • • • 5- i + aj 1 + ■ ■ ■ + aj e 

is a path of length £ satisfying ji < j 2 < ■ ■ ■ < jg. Now let 

P. ■= (B ® L U d (g) L B — B ® L U d ^ ® L B — ^* B ® L U ®l B), 

where 5g is defined by 

Sg(b <g> (xjj A x j2 A • • • A A XjJ (g> 6') 

:= ® A • • • x i4 • • • A <8) 6' + 6 <8) (a^ A • • • x k ■ ■ ■ A x j£ ) ® a^fe'). 

i=l 

Then we have the following result which implies the condition (Al*). 

Theorem 5.6. The complex P, is a projective resolution of the graded B e -module B 
satisfying P, ~ P^[d](— 1) in C b (grproji? c ). In particular B is a bimodule d-Calabi-Yau 
algebra of Gorenstein parameter 1. 

Proof. The assertion not involving the grading is known and easy to check (e.g. [BSW10, 
Thm 6.2]). We will show that each Sg is homogeneous of degree by introducing a certain 
grading on P.. Define the degree map g : Q\ — > Z by 

< i < i' < n, 

1 < i! < i < n. 



g(i—>i) :-- 



Then we have a well-defined degree map 

g{x h A ■ ■ • A x k ) := g{x h ) + ■■■+ g(x jt ) 

on basis vectors of Ug. Since the value is always or 1 by the condition (B2) a± + - ■ - + ad = 
n, we have a decomposition 

u e = u° © \j\ 

where (respectively, U}) is the subspace spanned by the elements of degree (respec- 
tively, 1). We regard U® as having degree and U} as having degree 1. Then each map 
5g is homogeneous of degree 0. □ 

We proceed to show the other conditions. 

Lemma 5.7. The graded algebra S *G satisfies the conditions (Al*), (A2), (A3) and 
(A4) in Theorem 4-1 



Proof. (Al*) This was shown in the previous theorem. 
(A2) The ring B = S * G is clearly noetherian. 

(A3) S is an isolated singularity by (Bl). Then the stable category CM (S ) has finite 
dimensional homomorphism spaces |Aus78t rYos90j . Hence dim^S is finite. 

(A4) It is a direct consequence of the definition of A that the vertex in the McKay 
quiver is a source. We use the idempotent e corresponding to this vertex. □ 
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Now Theorem 15.11 is an immediate consequence of Theorem 14.11 and Lemma 15.71 □ 

In the subsections I5.3[ l5~4l and l53| which are devoted to examples, we use the notation 
^(ai, . . . , ad) for the element diag(£ ai , . . . , ( ad ) G Sl_d(/c), where a,\ + . . . + = n and ( is 
a primitive n-root of unity. 

5.3. Example: Case d = 2. Let G C SL 2 (A;) be a finite cyclic subgroup. Then there 
exists a generator of the form -(1, n — 1). The algebra S * G is presented by the McKay 
quiver 



o 




with the commutativity relation xy = yx. The grading induced by the generator -(1, n—1) 
makes the arrows x of degree and the arrows y of degree 1. The idempotent correspond- 
ing to the direct summand T of T corresponds to the vertex of the McKay quiver. Hence, 
the algebra A = End CM Z( 5 G)(T) is isomorphic to kQ where Q is A n -\ with the linear ori- 
entation. Hence by Theorem 15. 1[ we obtain a triangle equivalence CM (S ) — C\(A n -i). 

More generally, if G is a finite subgroup (not necessarily cyclic) of SL 2 (k), the algebra 
B = S*G is Morita equivalent to the preprojective algebra n 2 (Q) of an extended Dynkin 
quiver Q. There exists a Z-grading on B such that A := Bq is Morita equivalent to the 
path algebra kQ and B is bimodule 2-Calabi-Yau of Gorenstein parameter 1. Moreover 
B has an idempotent e such that eBe = S G and e is the exceptional vertex of Q. Thus 
by Theorem 14.11 we have a triangle equivalence C\(kQ) ~ CM (S ) for Q := Q\{e}. 

Moreover, the triangulated category Ci(kQ) is equivalent to the category proj n 2 (A;(5), 
where n 2 (/cQ) is the preprojective algebra associated to the Dynkin quiver Q. Hence we 
recover the well-known proposition below. 

Proposition 5.8. Let G C SL 2 (k) be a finite subgroup andQ be the corresponding Dynkin 
quiver. 

(a) jReT87l[RV89llBSW10] We have equivalences CM (S G ) ~ C x {kQ) ~ projn 2 (fcQ). 

(b) |KST07l ILPTT] We have equivalences CM Z (S G ) ~ V h (kQ) ~ grprojn 2 (A;Q). 

Remark 5.9. Let A be a finite-dimensional algebra of global dimension at most 1. Then, 
if k is algebraically closed, A is Morita equivalent to the path algebra kQ of an acyclic 
quiver Q. The 1-cluster category C\(kQ) is Horn-finite if and only if Q is of Dynkin type. 
Thus we obtain a kind of converse of Theorem 14. II for d = 2: every 1-cluster category can 
be realized as the stable category of Cohen- Macaulay modules over an isolated singularity. 
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5.4. Example: Case d = 3. Let G C SL 3 (/c) be the subgroup generated by |(1,2,2). 
Then B = S * G is presented by the McKay quiver 



1 




with the commutativity relations xy = yx, yz = zy, zx = xz. By the choice of the 
grading, the algebra A, which is the degree part of B, is presented by the quiver 



l 




with the commutativity relations. The idempotent e of the algebra B corresponds to the 
summand S G which corresponds to the vertex 0. Therefore A is presented by the quiver 



l 




with the commutativity relations. By Theorem 15.11 the category CM (S G ) is triangle 
equivalent to the generalized cluster category C 2 (A) . 

Now take another generator of the group G given by |(3, 1, 1). Then the algebra B is 
same as the above, but has a different grading. We denote by A' its degree zero subalgebra. 



:>,2 
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One then easily checks that the algebra A[_ is given in this case by the quiver 



X 



4': 



Z2 1 



-.3' 



with commutativity relations. 

By Theorem 15. II the category CM (S G ) is triangle equivalent to the generalized cluster 
category CyjA') . Hence we get a triangle equivalence between the generalized cluster 
categories C 2 (A) ~ C-).(A') (the algebras A and A!_ are cluster equivalent in the sense 
of |AO10j ). However, one can show that the algebras A and A!_ are not derived equiva- 
lent since they have different Coxeter polynomials. (One can also see this using results 
of |AO10j .) Now we have two different gradings on S G , which we denote by Z and 7J . 
Then we have 

CM Z (S G ) ~ V h (A) r£ V b (A!) ~ CM Z '(S G ). 

5.5. Example: General d. Now let d — n and G be generated by . . . , 1). Then, 
proceeding as before, it is not hard to see that B = S * G is presented by the McKay 
quiver 




with the commutative relations Then, with the grading corresponding to the 

generator . . . , 1), one can check that the algebra A is the <i-Beilinson algebra and the 
algebra A is given by the quiver 



-Xi - 

-x 2 - 

-Xd- 



-Xi - 

-x 2 - 

-Xd- 



d-2 



-X^ - 

-x 2 - 

-Xd- 



d-l 



with the commutativity relations. 

For the case d = 3 the equivalence C 2 (A) ~ CM (S G ) was already proved in [KR08] 
using a recognition theorem for the acyclic 2-cluster category. 



6. Examples coming from dimer models 

In this section we show that our main theorem applies to examples coming from dimer 
models which do not come from quotient singularities. This builds upon results from 
|Brol2l [TU091 IDavlll IBocll] which we recall. 
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6.1. 3-Calabi-Yau algebras from dimer models. Let T be a bipartite graph on a 
torus. We denote by r (resp. Fx, and T 2 ) the set of vertices (resp. edges and faces) of 
the graph. To such a graph we associate a quiver with a potential (Q, W) in the sense of 
[DWZ08J. The quiver viewed as an oriented graph on the torus is the dual of the graph 
T. Faces of Q dual to white vertices are oriented clockwise and faces of Q dual to black 
vertices are oriented anti-clockwise. Hence any vertex v G F corresponds canonically to 
a cycle c v of Q. The potential W is defined as 

w = Yl Cv ~ Yl ° v - 

v white v black 

Assume that there exists a consistent charge on this graph, that is, a map R : Qx —> M>o 
such that 

• V* € Q £ aeQl , s(a)=i (l - R(a)) + Eae Ql ,t(a)=i(l ~ *(«)) = 2 

For such a consistent dimer model, there always exists a perfect matching, that is a 
subset D of Fx such that any vertex of r belongs to exactly one edge in D. Since Q is 
the dual of F we regard D as a subset of Qx- We define a grading do on kQ as follows: 

1 if a G D 
else. 



d D (a) 



Since D is a perfect matching, for any vertex v G F Q the cycle c v contains exactly one 
arrow of degree 1, and then the potential W is homogeneous of degree 1. Hence D induces 
a grading dp on the Jacobian algebra B. In other words D is a cut of (Q, W) in the sense 

of mm]. 

Proposition 6.1. Let B be a Jacobian algebra coming from a consistent dimer model. 
Any perfect matching induces a grading on B making it bimodule 3-Calabi-Yau of Goren- 
stein parameter 1. 

Proof. We define the following complex P. of graded projective P-bimodules: 



^p,^p 2 ^ Pl ^p Q .0 



where 



P o = ieQo B ei <g> ei B 
p i = ®ae Ql ( Be t(a)®e s{a) B)(-d(a)) 
P2 = ® beQl (Be s{b) ®e t{b) B)(l-d(b)) 
p 3 = 0,, eQo Pe i ®e 4 P(-l) 
and where the maps <9 , dx and <9 2 are defined as follows. 

d 2 (ei®ei) = E„,t( B )=i a ® &i - Efe, s (fe )=i * ® 6; 
<9i(e s ( fe) <8> e t ( 6 )) = ZlaeQ! where d b)CL (bpaq) =p®qe Be t ( a ) ® e s(a) P; 

9 (e t(a ) ® e s(a) ) = a <g> e s(a) - e t(a) ® a. 

By |Brol2} Thm 7.7] this complex is a projective resolution of B as a bimodule and 
satisfies P. v ~ P[3] in C b (projP e ). It is then easy to check that, as a graded complex, 
it satisfies P. v ~ P[3](— 1) in C b (grprojP c ). Hence the graded algebra B is bimodule 
3-Calabi-Yau of Gorenstein parameter 1. □ 
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Remark 6.2. It is proved in [Brol2t IDavllt IBocllj that the Jacobian algebra B = 
Jac(Q, W) is a non commutative crepant resolution of its center C = Z(B) which is 
the coordinate ring of a Gorenstein affine toric threefold. Moreover the coordinate ring 
of any Gorenstein affine toric threefold can be obtained from a consistent dimer model 
[Gul08[IIU09] . 

The following result gives an interpretation of the stable category of Cohen-Macaulay 
modules over certain Gorenstein affine toric threefold in terms of cluster categories. 

Theorem 6.3. Let T be a consistent dimer model, and denote by B = Jac(Q, W) the 
associated Jacobian algebra. Assume there exists a perfect matching D and a vertex i of 
Q with the following properties: 

• the degree zero part A of B with respect to do is finite dimensional 

• i is a source of the quiver Q — D. 

• the algebra B / (ei) is finite dimensional. 

Denote by C the center of the algebra B, and A the algebra Aj (e$). Then the algebra C 
is a Gorenstein isolated singularity, and we have the following triangle equivalences 

V h (A) -^CM Z (C) 



C 2 (A) 



CM(C) 



where Cz{A) is the generalized 2-cluster category associated to the algebra A. 

Proof. The algebra B satisfies IA1*I by Proposition 16.11 The algebra C is a Gorenstein 
affine toric threefold and B is a finitely generated C-module, hence B is noetherian. The 
hypothesis on the perfect matching D and the vertex i are clearly equivalent to (A3) and 
(A4). Moreover by |Brol2t Lemma 5.6], the center of B is isomorphic to eBe for any 
primitive idempotent e of B. Hence Theorem 16.31 is a consequence of Theorem 14.11 □ 

6.2. Examples. Let V and D be given by the following picture. 



The associated Jacobian algebra B is presented by the quiver 



Z'2 



W 2 



Xi 

l : 2 



•f2 



with potential W = WiZiyiXi + Wiz%y%xi — W\Z%y\X% — WiZ\yiX\. 
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The center C of this algebra is the semigroup algebra C = C[Z 3 fl cr v ] where <r v is the 
positive cone 





~1 




" 1 " 










cr v = {\ 1 n 1 +\ 2 n 2 +\3n 3 +\ 4 n 4 , Aj > 0}, U\ = 


1 


,n 2 = 


-1 


,n 3 = 


1 


,n 4 = 


-1 




1 




1 




1 




1 



The algebra C is a homogenous coordinate algebra of P 1 x P 1 . 

Then the perfect matching D corresponds to {xi, x 2 }. Thus the quiver of the subalgebra 
A = B is acyclic so A is finite dimensional and the vertex 1 becomes a source in the 
quiver of A. Moreover, the algebra B_ = B / (e\) is the path algebra of an acyclic quiver, 
so it is finite dimensional. Therefore we can apply Theorem 16.31 and we obtain a triangle 
equivalence C 2 (A) ~ CM (C) where A is the path algebra of the quiver 2 : 3 I 4 . 



We end this paper by giving a non- commutative example. Note that in Theorem 14.11 
the algebra C is not necessarily commutative, and the idempotent e is not necessarily 
primitive. 

Let T be the following dimer model. 




The associated Jacobian algebra B is presented by the quiver 




with potential 

W = 065054043032^21016 + 026O64O42 + 015053031 

— OI6O64O43O31 — Og 5 a53a32 026 — 021015054042. 



In this case it is easy to check that the algebra B/{e) is not finite dimensional for any 
primitive idempotent e, or in other words, the center of B is not an isolated singularity. 
However, the degree zero subalgebra A = B and the algebra B_ = B / (ei + e 2 ) are the path 
algebras of acyclic quivers, and are therefore finite dimensional. We can apply Theorem 
14.11 with the perfect matching D described in the picture above. We obtain a triangle 
equivalence C 2 (A) ~ CM (C) where A is the path algebra of the quiver 



36 



CLAIRE AMIOT, OSAMU I YAM A, AND IDUN REITEN 




References 

[Ami09] C. Amiot, Cluster categories for algebras of global dimension 2 and quivers with potential, Ann. 

Inst. Fourier (2009), Vol. 59 no 6, pp 2525-2590. 
[Ami08] C. Amiot, Sur les petites categories triangulees, Ph.D. thesis (2008), http://www-irma.u- 

strasbg.fr/ amiot/these.pdf. 
[AIRT12] C. Amiot, O. Iyama, I. Reiten, and G. Todorov, Preprojective algebras and c-sortable words, 

Proc. Lond. Math. Soc. 104 (2012), no 3, 513-539. 
[AO10] C. Amiot, S. Oppermann, Cluster equivalence and graded derived equivalence, preprint (2010), 

arXiv:1003.4916. 

[ART11] C. Amiot, I. Reiten, and G. Todorov, The ubiquity of the generalized cluster categories, Adv. 

Math., 226 (2011), pp. 3813-3849. 
[Aus78] M. Auslander, Functors and morphisms determined by objects, Representation theory of algebras 

(Proc. Conf., Temple Univ., Philadelphia, Pa., 1976), pp. 1-244. Lecture Notes in Pure Appl. Math., 

Vol. 37, Dckkcr, New York, 1978. 
[Aus86] M. Auslander, Rational singularities and almost split sequences, Trans. Amer. Math. Soc. 293 

(1986), no. 2, 511-531. 

[Boc08] R. Bocklandt, Graded Calabi-Yau algebras of dimension 3, J. Pure Appl. Algebra 212 (2008), 
no. 1, 14-32. 

[Bocll] R. Bocklandt, Consistency conditions for Dimer models, preprint, arXiv:1104.1592 

[BSW10] R. Bocklandt, T. Schedler, M. Wemyss, Superpotentials and higher order derivations J. Pure 

Appl. Algebra 214 (2010), no. 9, 1501-1522. 
[Brol2] N. Broomhead, Dimer models and Calabi-Yau algebras, Mem. Amer. Math. Soc. 215 (2012), 

nolOll. 

[BIRS09] A. B. Buan, O. Iyama, I. Reiten, and J. Scott, Cluster structures for 2-Calabi-Yau categories 

and unipotent groups, Compos. Math. 145 (2009), 1035-1079. 
[BMR+06] A. B. Buan, R. Marsh, M. Reineke, I. Reiten, and G. Todorov, Tilting theory and cluster 

combinatorics, Adv. Math. 204 (2006), no. 2, 572-618. 
[Buc87] R. O. Buchweitz, Maximal Cohen- Macaulay modules and Tate cohomology over Gorenstein rings, 

unpublished manuscript, 155 pages, 1987. 
[BIKR08] I. Burban, O. Iyama, B. Keller, I. Reiten, Cluster tilting for one- dimensional hypersurface 

singularities, Adv. Math. 217 (2008), no. 6, 2443-2484. 
[CMT07] Craw, A., Maclagan, D. and Thomas, R., Moduli of McKay quiver representations. II. Grbner 

basis techniques. J. Algebra 316 (2007), no. 2, 514535. 
[Davll] B. Davison, Consistency conditions for brane tilings, Journ. of Algebra, 338 (2011), 1-23. 
[DWZ08] H. Dcrkscn, J. Weyman, and A. Zclcvinsky, Quivers with potentials and their representations. 

I. Mutations, Selecta Math. (N.S.) 14 (2008), no. 1, 59-119. 
[FZ02] S. Fomin and A. Zelevinsky, Cluster algebras. I. Foundations, J. Amer. Math. Soc. 15 (2002), 

no. 2, 497-529 (electronic). 
[GLS06] C. Geiss, B. Leclerc, and J. Schroer, Rigid modules over preprojective algebras, Invent. Math. 

165 (2006), no. 3, 589-632. 
[GLS07] C. Geiss, B. Leclerc, and J. Schroer, Cluster algebra structures and semicanonical bases for 

unipotent groups, arXiv:math/0703039. 
[Gin06] V. Ginzburg, Calabi-Yau algebras, arXiv:math/0612139. 



STABLE CATEGORIES OF COHEN-MACAULAY MODULES AND CLUSTER CATEGORIES 37 



[Gul08] , D. Gulotta, Properly ordered dimers, RR-charges, and an efficient inverse algorithm. J. High 

Energy Phys. 2008, no. 10, 014, 31 pp. 
[GuolO] L. Guo, Cluster tilting objects in generalized higher cluster categories, arXiv:1005.3564. 
[Hap88] D. Happel, Triangulated categories in the representation theory of finite- dimensional algebras, 

Cambridge University Press, Cambridge 1988. 
[Hill] M. Hcrschend, O. Iyama, Selfinjective quivers with potential and 2-representation-finite algebras. 

Compos. Math. 147 (2011), no. 6, 1885-1920. 
[HI012] M. Herschend, O. Iyama, S. Oppermann, n-representation infinite algebras, preprint, arXiv 

1205.1272. 

[Her 78] J. Herzog, Ringe mit nur endlich vielen Isomorphieklassen von maximalen, unzerlegbaren Cohen- 

Macaulay-Moduln, Math. Ann. 233 (1978), no. 1, 21-34. 
[IU09] A. Ishii and K. Ueda, Dimer models and the special McKay correspondence, preprint, arXiv: 

0905.0059. 

[Iwa79] Y. Iwanaga, On rings with finite self-injective dimension, Comm. Algebra 7 (1979), no. 4, 393- 
414. 

[Iya07a] O. Iyama, Higher- dimensional Auslander-Reiten theory on maximal orthogonal subcategories, 

Adv. Math. 210 (2007), no. 1, 22-50. 
[Iya07b] O. Iyama, Auslander correspondence, Adv. Math. 210 (2007), no. 1, 51-82. 
[IyalO] O. Iyama, Stable categories of Cohen- Macaulay modules and cluster categories (joint with Claire 

Amiot and Idun Reiten), Oberwolfach Report (2010) 1338-1341. 
[Iyall] O. Iyama, Cluster tilting for higher Auslander algebras, Adv. Math. 226 (2011), no. 1, 1-61. 
[IO09] O. Iyama, S. Oppermann, Stable categories of higher preprojective algebras, arXiv:0912.3412. 
[IR08] O. Iyama, I. Reiten, Fomin-Zelevinsky mutation and tilting modules over Calabi-Yau algebras, 

Amcr. J. Math. 130 (2008), no. 4, 1087-1149. 
[IY08] O. Iyama, Y. Yoshino, Mutation in triangulated categories and rigid Cohen- Macaulay modules, 

Invent. Math. 172 (2008), no. 1, 117-168. 
[IT10] O. Iyama, R. Takahashi, Tilting and cluster tilting for quotient singularities, arXiv:1012.5954. 
[KST07] H. Kajiura, K. Saito, A. Takahashi, Matrix factorization and representations of quivers. II. Type 

ADE case, Adv. Math. 211 (2007), no. 1, 327-362. 
[Kcl05] B. Keller, On triangulated orbit categories, Doc. Math. 10 (2005), 551-581. 
[Kel08] B. Keller, Calabi-Yau triangulated categories, Trends in representation theory of algebras and 

related topics, 467-489, EMS Ser. Congr. Rep., Eur. Math. Soc, Zurich, 2008. 
[Kclll] B. Keller, Deformed Calabi-Yau completions, With Appendix by Michel Van den Bcrgh, J. Rcinc 

Angew. Math., 654 (2011), 125-180. 
[KMV11] B. Keller, D. Murfct, M. Van den Bergh, On two examples by Iyama and Yoshino, Compos. 

Math., 147, (2011) no 2, 591-612. 
[KR07] B. Keller, I. Reiten, Cluster-tilted algebras are Gorenstein and stably Calabi-Yau, Adv. Math. 

211 (2007), no. 1, 123-151. 
[KR08] B. Keller, I. Reiten, Acyclic Calabi-Yau categories, Compos. Math. 144 (2008), no. 5, 1332-1348, 

With an appendix by Michel Van den Bcrgh. 
[KV87] B. Keller, and D. Vossieck, Sous les catgories drives. (French) [Beneath the derived categories] 

C. R. Acad. Sci. Paris Ser. I Math. 305 (1987), no. 6, 225228. 
[LP11] H. Lenzing, J. A. de la Pena, Extended canonical algebras and Fuchsian singularities, Math. Z., 

268, (2011), nol-2, 143-167. 
[McK80] J. McKay, Graphs, singularities, and finite groups, The Santa Cruz Conference on Finite Groups 

(Univ. California, Santa Cruz, Calif., 1979), pp. 183-186, Proc. Sympos. Pure Math., 37, Amcr. 

Math. Soc, Providence, R.I., 1980. 
[MM10] H. Minamoto, I. Mori, Structures of AS- Gorenstein Algebras, Adv. Math. 226 (2011), 4061-4095. 
[Orl05] D. Orlov, Derived categories of coherent sheaves and triangulated categories of singularities, Al- 
gebra, arithmetic, and geometry: in honor of Yu. I. Manin. Vol. II, 503-531, Progr. Math., 270, 

Birkhauser Boston, Inc., Boston, MA, 2009. 



38 



CLAIRE AMIOT, OSAMU I YAM A, AND IDUN REITEN 



[Rei87] I. Reiten, Finite- dimensional algebras and singularities, Singularities, representation of algebras, 
and vector bundles (Lambrecht, 1985), 35-57, Lecture Notes in Math., 1273, Springer, Berlin, 1987. 

[RV89] I. Reiten, M. Van den Bergh, Two-dimensional tame and maximal orders of finite representation 
type, Mem. Amer. Math. Soc. 80 (1989), no. 408. 

[Ric89] J.Rickard, Derived categories and stable equivalence, J. Pure Appl. Algebra, 61 (1989), no. 3, 
303317. 

[TV10] L. Thanhoffer de Volcscy, M. Van den Bergh: Explicit models for some stable categories of 

maximal Cohen- Macaulay modules, arXiv:1006.2021. 
[Ucd08] K. Ueda, Triangulated categories of Gorenstein cyclic quotient singularities, Proc. Amer. Math. 

Soc. 136 (2008), no. 8, 2745-2747. 
[Yos90] Y. Yoshino, Cohen- Macaulay modules over Cohen- Macaulay rings, London Mathematical Society 

Lecture Note Series, 146. Cambridge University Press, Cambridge, 1990. 

Institut de Recherche Mathematique Avancee, CNRS, 7 rue Descartes 67084 Stras- 
bourg, France 

E-mail address: amiot@math.unistra.fr 

Graduate School of Mathematics, Nagoya University 
E-mail address: iyama@math.nagoya-u.ac.jp 

Insitutt for matematiske fag, Norges Teknisk-Naturvitenskapelige Universitet, N- 
7491 Trondheim, Norway 

E-mail address: idunr@math.ntnu.no 



